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Counterexample
The paper [1] is concerned with a class of general type second-order nonlinear neutral differential equations under
some assumptions. The authors mentioned therein that they established new oscillation criteria which can be regarded
as improved and extended some known results by using the Riccati technique. Although the greater part of the published
paper is very interesting and well-organized, there are some mistakes in it. The mistakes are caused by the following false
Assertion A that was used in the Lemma 1.
Assertion A. If q(t) > 0; r(t) > 0, ∫∞ r− 1α (s)ds = ∞; f (x)/x > γ > 0 for x 6= 0 holds and x(t) is an eventually positive
solution of equation[
r(t)(x(t)+ p(t)x(t − τ))′]′ + q(t)f (x(t − δ)) = 0, (E)
then z(t) = x(t)+ p(t)x(t − τ) > 0.
We have found a counterexample to illustrate that Assertion A is false. Let τ, δ > 0, p(t) = −p, where 0 < p < 1. Choose
λ > −(lnp)/τ and set q(t) = λ2(peλτ − 1)e−λδ. It is easy to verify that x(t) = e−λt is a positive solution of the equation
[x(t)+ p(t)x(t − τ)]′′ + q(t)x(t − δ) = 0, t > 0,
but z(t) = x(t)+ p(t)x(t − τ) = e−λt − pe−λ(t−τ) < 0.
Tracing the error to its source, we found that in the the proof of the Lemma 1, when −1 < α 6 p(t) 6 0, the author
from (r(t)z′(t))′ 6 0 and limt→∞ r(t)z′(t) = l > 0 implies that z(t) must be eventually positive ([2, p. 907], the 8th line).
We say this conclusion is not true. Because if limt→∞ r(t)z′(t) = 0, (r(t)z′(t))′ 6 0, then one of the possible cases of z′(t)
is limt→∞ z′(t) = 0, z′(t) is non-increasing. From a simple computation, we find that z(t) can and does exist (as shown in
the above counterexample) satisfying z(t) < 0, limt→∞ z(t) = 0, z′(t) > 0, limt→∞ z′(t) = 0 and z′′(t) 6 0. we correct
the proof of the section in the following: since limt→∞ r(t)z′(t) = l > 0 and (r(t)z′(t))′ 6 0, there are two possible cases:
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(1) z(t) > 0, t > t1 for some t1 > t0; or
(2) z(t) < 0, t > t2 for some t2 > t0.
For case (2), we say if z(t) < 0, t > t2 for some t2 > t0, then we must have limt→∞ z(t) = 0. To see this, let ϕ(t) be the
initial function defined on I = [t0 − ρ, t0], where ρ = max(τ, δ). Denote K0 = maxt∈I |ϕ(t)|. Without loss of generality, we
may assume x(t) > 0, z(t) < 0 for all t > t2. Since −1 < α 6 p(t) 6 0, for any ε > 0, we can choose n sufficiently large so
that (−α)nK0 < ε. Now for t satisfying t0 + (n− 1)τ 6 t 6 t0 + nτ,we have t − nτ ∈ I, so
x(t) < (−α)x(t − τ) < · · · < (−α)nx(t − nτ) < (−α)nK0 < ε.
On the other hand,when t belongs to the subsequent interval [t0+nτ, t0+(n+1)τ], t−τ satisfies t0+(n−1)τ 6 t−τ 6 t0+nτ,
so x(t − τ) < ε; hence x(t) < (−α)x(t − τ) < x(t − τ) < ε. By induction on n, we have x(t) < ε for all t > t0 + nτ, so
limt→∞ x(t) = 0 (as shown in [3]).
Sowe corrected the Theorems 1–3 and Corollaries 1 and 2 in the paper of Yang et al. as follows:when−1 < α 6 p(t) 6 0,
the conditions are the same as the paper, then a solution of (E) is either oscillatory or tends to zero.
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